
SEPARABLE DIFFERENTIAL EQUATIONS

Examples (complete on a separate page)
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=′a)  Solve the differential equation 

b)  Find the solution of this equation that satisfies the initial condition 
y(1) = π.

EXPONENTIAL GROWTH AND DECAY LAW OF EXPONENTIAL CHANGE
Recall that when we studied exponential 
growth and decay in the past, we often used 
equations of the form y = abx to model real 
world situations.

Notice that the rate of change is proportional 
to the amount present.

• The more bacteria in a dish, the more the 
population increases every hour.

• The more radioactive material 
present, the more the mass 
decreases every year.

For example:

• The more money in your bank 
account, the more the balance 
grows every month (if earning 
compound interest).
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Let’s consider the bacteria example in more 
detail.

Suppose we had a population of 1000 
bacteria and at a certain time it is growing at 
a rate of 300 bacteria per hour.

If we added another 1000 bacteria to the population above at that 
time, we would expect that the total population would increase at a 
rate of 600 bacteria per hour.

That is, the hourly increase in population is proportional to the amount 
of bacteria present. 

In general, if y(t) is the value of a quantity y at time t and if the rate of 
change of y with respect to t is proportional to its size y(t) at any time, 
then

where k is a constant.
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We can solve the differential equation as follows:
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This result shows that 
the only growth 
function that results in a 
growth proportional to 
the amount present is 
an exponential 
function. 

The constant A is the 
initial amount (when 
t=0) and is usually 
denoted y0.

Integrate both 
sides.



CONTINUOUSLY COMPOUNDED 

INTEREST

Suppose that A0 dollars are invested at a fixed annual interest rate r
(expressed as a decimal) and the interest is compounded k times per 
year.

The equation for the amount present after t years is .1)( 0
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We are familiar with situations in which the compounding occurs 
annually, semi-annually, quarterly, monthly, or at some other discrete 
interval.

If, however, we let the number of compounding periods per year 
approach infinity, we will be compounding continuously.

Since the rate of change is proportional to the amount in the 
account, we can model the growth with the following initial value 
problem:
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Therefore, the amount in the account after t years is .)( 0
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• Interest paid according to this formula is said to 
be compounded continuously.

• The number r is the continuous interest rate.

Example (complete on a separate page)

Suppose you deposit $800 in an account with 
an interest rate of 6.3%/a.  How much will you 
have 8 years later if the interest is

a)  compounded continuously?

b)  compounded quarterly?

RADIOACTIVITY
Radioactive substances decay by spontaneously 
emitting radiation.

So, the decay of a radioactive element is described by the equation
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These substances have been found experimentally to 
decay at a rate proportional to the remaining mass.

Why is a negative sign used here?

Therefore, if y0 is the number of radioactive nuclei present (or the 
mass)at time zero, the number still present (or the mass) at any later 
time t will be .0,0 >= − keyy kt

Note: y can represent the mass of the 
sample or the number of 
radioactive nuclei present.

The half-life of a radioactive element is the amount of time required 
for a sample to decay to half of its mass (or the time required for half 
of the radioactive nuclei present to decay).

HALF-LIFE

Example (complete on a separate page)

Find the half-life of a radioactive substance with decay equation 
and show that the half-life depends only on k. kteyy −
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MODELING GROWTH WITH OTHER BASES

Up to this point, we have been using equations of the form 

For convenience, we may wish to use another base, b, and rate 
constant, h, instead of e and k, respectively.

That is, we could rewrite as for any positive 
base other than 1.  

kteyy 0= htbyy 0=

Question for Discussion 

If                  is rewritten as                   how are k, b and h related?kteyy 0= ,0
htbyy =



• Although the exponential equation                    satisfies the 
differential equation                       for any positive base b, it 
is only when b = e that the growth constant k appears in 
the exponent as the coefficient of t. 
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• In general, the coefficient of t is the reciprocal of the time 
period required for the amount to grow (or decay) by a 
factor of b.

Notes

Examples (complete on a separate page)

1)  At the beginning of the summer, the population of a hive of bald-
faced hornets (which are actually wasps) is growing at a rate 
proportional to the population.  From a population of 10 on May 1, 
the number of hornets grows to 50 in thirty days.  If the growth 
continues to follow the same model, how many days after May 1 
will the population reach 100?

2)  Scientists who use carbon-14 dating use 5700 years for its half-life.  
Find the age of a sample in which 10% of the radioactive nuclei 
originally present have decayed.

NEWTON’S LAW OF COOLING
• Surely, we are familiar with the idea that objects 
cool down or warm up to match the temperature 
of their surroundings.

• In fact, the rate at which the object’s temperature is 
changing at any given time is approximately 
proportional to the difference between its 
temperature and the surrounding temperature.

If T is the temperature of the object at time t, and Ts is the 
surrounding temperature, then 
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Since Ts is a constant, we have                         
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and thus

Therefore, ( ) kt

ss eTTTT −−=− 0 where T0 is the temperature at time t = 0.

This equation is known as Newton’s Law of Cooling.

• Newton’s Law of Cooling also applies to warming.

Note

Examples (complete on a separate page)

1)  A hard-boiled egg at 98°C is put in a pan under 18°C water to 
cool.  After 5 minutes, the egg’s temperature is found to be 38°C.  
How much longer will it take the egg to reach 20°C? 

2)  A thermometer is removed from a 
cup of coffee and placed in water 
that has a temperature of Ts = 4.5°C.  
Temperature readings, T, are taken 
as shown in the table on the right.

a)  Estimate the coffee’s 
temperature at the time the 
thermometer was removed.

b)  Estimate the time when the 
thermometer will read 8°C.


