
Definite Integrals

Some Useful Notation
As we have seen, addition plays an important role in the estimation 

of area under curves.

Writing out the required sums can be very tedious, especially when 

using a large number of subintervals.

To express sums in a compact form, we use sigma notation.

In mathematics, the Greek letter Σ (sigma) stands for “sum.”

Consider the following expression:

The expression to the left simply means “add up all of 
the numbers of the form k, where k takes the values 1, 
2, 3, 4, 5, 6, 7, 8, 9 and 10.”

That is,

In general,

Examples

Evaluate each of the following sums on a separate page.

a) b)

Note that 

Why?

NOTES:

• The numbers below and above Σ are called the lower limit of 
summation and the upper limit of summation, respectively.

• The values from the lower limit of summation through the 
upper limit of summation are integers.

Riemann Sums 
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The sums in which we are interested, such as LRAM, MRAM 

and RRAM, are called Riemann sums.

Riemann sums are constructed in a specific way, as follows:

1)  Begin with a continuous 

function f(x) that is defined on 

the interval [a, b]. (Notice that 

we are now considering 

negative values too.)

2)  By choosing n-1 points between 
a and b, divide [a, b] into n
subintervals.  Call these points 
x1, x2, x3 …, xn-1 such that

a < x1 < x2 < x3 < … < xn-1 < b.

• For consistency, we denote a by x0 and b by xn.

• The set P = {x0, x1, x2, …, xn} is called a partition of [a, b]. 

x0

xn

x1 x2 x3 . . . . . . . . . . . . . .  

• The points x1, x2, x3 …, xn-1 do not need to be evenly spaced.

Notes:

xn-1



3)  Looking more closely at the n subintervals, we see that the kth subinterval is [xk-1, xk] 

and has length Δxk = xk – xk-1.

First 

subinterval

[x0, x1]

Second 

subinterval

[x1, x2]

kth

subinterval

[xk-1, xk]

length = Δxk

= xk – xk-1

nth

subinterval

[xn-1, xn]

4)  In each subinterval, select a number.  Call the number in the kth subinterval ck.

c1 c2 ck cn

5)  Now, on each 

subinterval, 

construct a 

rectangle that 

extends from the 

x-axis to touch the 

curve at (ck , f(ck))

x2
xk-1 xkx1

(ck , f(ck))

ck

c1

(c1 , f(c1))

c2

(cn , f(cn))

cn

. . . . . . .

. . . .

xn-1 xn=bx0=

c1
c2 ck cn

6)  For each subinterval, 

find the product 

f(ck)·Δxk .

Note that this 

product can be 

positive, negative 

or zero.

7)  The sum of these products is

8)  This sum is called the 

Riemann sum for f on 

the interval [a, b].

Some Important Points….

• Smaller subintervals lead to better approximations of the region between the curve and 

the x-axis.

• As the lengths of the subintervals approach zero, all Riemann sums for a given function 

on the interval [a, b] approach the same value.

• LRAM, MRAM and RRAM are examples of Riemann sums.

• The longest subinterval length is called the norm of the partition and is denoted 

• This condition is assured by requiring           to approach zero.

Ladies and Gentlemen…The Integral

We usually choose subintervals of equal length…



Integration Notation and Terminology

Leibniz’s notation 

for the definite 

integral.

Upper limit of integration

Lower limit of integration

Integral sign (an 

elongated “S” to 

represent a sum)

The function is 

the integrand

x is the variable of 

integration

Integral of f from a to b

Note that and                      are all the same. 

Since the letter chosen for the variable of integration does not matter, it is 

called a dummy variable.

The Definite Integral and Area
If f(x) is nonnegative on [a, b]…..

• the product f(ck)Δxk seen earlier in this 

lesson is the area of the rectangle shown 

on the left

• is an approximation of the 

area under the curve from a to b

• gives the actual area under 

the curve from a to b

Therefore,

What if f(x) is negative on [a, b]?

• the product f(ck)Δxk will be the negative of the rectangle’s area, since 

f(ck) is negative 

Therefore,

or

In summary,

is often called the 

net area of the 

region determined 

by the curve and the 

x-axis on [a, b].

Constant Functions

• integrals of constant functions are very simple to evaluate

• they can be calculated by multiplying the constant times the length 

of the interval


