
The Derivative

The Derivative at a Point

The derivative of a function f at point (a, f(a)) is 

if this limit exists.

(a, f(a))

(a + h, f(a + h))

(a, f(a)) and (a + h, f(a + h)) 

as h→0

• f ′(a) is read “f prime at a” or “f prime of a” 

• the derivative is the slope of the tangent to the curve at point (a, f(a))

• the derivative is the instantaneous rate of change at point (a, f(a))

Some examples

1)  Determine the derivative of f(x) = x2 at x = 6.

2)  Determine the derivative of f(x) = 2x2 + 3x + 4.

3)  Determine the derivative of 

We have been using the expression to calculate 

derivatives.  We can also use the following expression to determine 

the derivative of a function f (x) where x = a:

An Alternative Method for Calculating 

the Derivative

P (a, f(a))

(x, f(x))



Examples
A pebble is dropped from a cliff, 80 m high.  After t seconds, its 

height, h metres, is given by , where 

Calculate the pebble’s velocity after 1 second using the alternate 

definition of the derivative.

Use the alternate definition of the derivative to differentiate 

1)

2)

Notation

The Existence of Derivatives

� A function is said to be differentiable at a if              exists.

� At points where a function is not differentiable, we say that the 

derivative does not exist.

� There are several ways in which a derivative can fail to exist:

� a discontinuity

� a “corner” or a “cusp”

� a vertical tangent

� What happens if we try to differentiate at a point where the 

derivative actually doesn’t exist???

Example:

Show that the function               is not differentiable at x = 0.

� A function that is differentiable at every point in its domain is 

a differentiable function.

Connecting the Graph of f to the Graph of f'

When considering the graph of a function’s 

derivative, remember that the derivative at a point is 

the SLOPE OF THE TANGENT at that point.

Examples
1)  Match each graph in the top row with the graph of its derivative 

in the bottom row.



2)  Sketch the graph of the derivative for 

the function shown on the right.

3)  For the graph shown below, identify the 

points or intervals where the derivative 

is positive, negative, and 0.

4)  Sketch the graph of a function f that has the 

following properties:

� f (0) = 0

� the graph of the derivative of f is as 

shown on the right

� f is continuous for all x

Question for Discussion

Why is the first property in the previous example 

so important?

One-Sided Derivatives
A function y = f (x) is differentiable on a closed interval [a, b] if it 

has a derivative at every interior point of the interval, and if the limits 

and exist at the endpoints.

The right-hand 

derivative at a
The left-hand 

derivative at b.

As is the case with all two-

sided limits, a function has 

a (two-sided) derivative at 

a point if and only if the 

function’s right-hand and 

left-hand derivatives are 

defined an equal at that 

point.

Example
Show that the following function has left-hand and right-hand 

derivatives at x = 0, but no derivative there. 


